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The p r o b l e m  about  s m a l l  p e r t u r b a t i o n s  i s  s o l v e d  e x p l i c i t l y .  An i n v e s t i g a t i o n  of the  b e h a v i o r  
of  the  so lu t i on  a s  t ~ ~ shows  i t s  b o u n d e d n e s s  in a weak  "po t en t i a l "  m e t r i c .  Meanwhi le ,  the  
p e r t u r b a t i o n  v e c t o r  of the  f r e e  b o u n d a r y  of the e l l i p s e  g r o w s  wi thout  l i m i t  with t i m e .  

1 .  F O R M U L A T I O N  O F  T H E  P R O B L E M  

It  iS known tha t  the  equa t ions  of p l a n e  p o t e n t i a l  mo t ion  of an  idea l  i n c o m p r e s s i b l e  f lu id  a d m i t  the  e x -  
ac t  so lu t ion  

u = T'~ ~ ~" ~ (1.1) = T '  v = - -  ~z-~l = ---4--/4 

p = - - 1 / 2 ~  ( ~ + n  ~ - t )  

Here  ~, 77 a r e  the  L a g r a n g e  c o o r d i n a t e s ,  and x, y the  E u l e r  c o o r d i n a t e s ,  t is  the  t ime ,  the  dot a t  the  
l o c a t i o n  of a p r i m e  i n d i c a t e s  d i f f e r e n t i a t i o n  with r e s p e c t  to t, and the funct ion r (t) i s  g iven  by the r e l a t i o n -  
sh ip  

i dp (1.2) - ~  = kt  (k = const > 0) 
1 

The so lu t ion  (1.1) a d m i t s  of s i m p l e  i n t e r p r e t a t i o n :  a t  t =  0 the v e l o c i t y  f i e ld  

u0 = '/2 V ~  k~ = 1/2 V ~  ks,  ,0 = - 1/~ V ~ k n  = - 1/2 V ~ k  

i s  g iven  in the  c i r c l e  f~(~2+~? 2< 1). 

As  t g r o w s  the c i r c l e  ~2 i s  d e f o r m e d  into an e l l i p s e  fit,  whose  s e m i m a j o r  ax i s  i s  r --- ~ ,  and the s e m i -  
m i n o r  ax i s  i s  ~" -1 ~ 0 .  The b o u n d a r y  of  the  e l l i p s e  r e m a i n s  f r e e  fo r  a l l  t -  > 0. 

Le t  us  e x a m i n e  a n o t h e r  so lu t ion  of the  equa t ions  of p l a n e  p o t e n t i a l  mo t ion  in the s a m e  d o m a i n  ~2 of 
the L a g r a n g e  c o o r d i n a t e  p l ane ,  but  with an a l t e r e d  in i t i a l  p o t e n t i a l  

%* (~, n ) =  % (~, n) + ~o (~, n), Ar = 0 

~0 = 2~/' k (~  - -  ,I 2) 

He re  ga 0 i s  the  va lue  of the m a i n  f low p o t e n t i a l  (1.1) a t  t = 0, and 4'o i s  the i n i t i a l  p e r t u r b a t i o n  p o t e n t i a l .  
A s s u m i n g  the  i n i t i a l  p e r t u r b a t i o n  4~ 0 s m a l l ,  we can  s tudy  the p r o b l e m  of evo lu t ion  of s m a l l  p e r t u r b a t i o n s  in 
a l i n e a r  f o r m u l a t i o n .  The equa t ions  of s m a l l  po t en t i a l  mo t ion  p e r t u r b a t i o n s  wi th  a f r e e  b o u n d a r y  w e r e  d e -  
r i v e d  by L. V. Ovsyann ikov  [1]. In the  c a s e  of the fundamen ta l  so lu t i on  (1.1) they  a r e  

~ (:I)5~ ~- "~2(:I)~ = 0 (~2 _~_ ~1"2< i, t ~ 0 )  (1.3) 
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t 

2k~ a @t -- t~" ~ I (1.4) 
0 

The i n i t i a l  cond i t ion  

r162 Ar (1.5) 

should  be  a d d e d  to t h e s e  equa t i ons .  

The so lu t ion  of the  p r o b l e m  (1.3)-(1.5) a s  t - -oo  i s  i n v e s t i g a t e d  below;  the  r e s u l t s  p e r m i t  m a k i n g  d e -  
duc t ions  on the s t a b i l i t y  of the m a i n  f low (1.1) r e l a t i v e  to the  po t en t i a l  p e r t u r b a t i o n s .  

Le t  us  note  tha t  t h e r e  i s  not  p r e s e n t l y  any g e n e r a l  a p p r o a c h  to the  s tudy  of the  s t a b i l i t y  of u n s t e a d y  
f lu id  m o t i o n s  with a f r e e  b o u n d a r y .  Each such  s t a b i l i t y  p r o b l e m  m u s t  be  e x a m i n e d  ind iv idua l ly .  Up to now 
only p l a n e  p r o b l e m s  have b e e n  i n v e s t i g a t e d  in which  the f r e e  b o u n d a r i e s  a r e  l i n e s  o r  c i r c l e s  [2, 1] (see  [3], 
a l so ) .  By ana logy  with the  m o t i o n  e x a m p l e s  c o n s i d e r e d ,  L. V. Ovsyann ikov  e x p r e s s e d  the h y p o t h e s i s  tha t  
the  mot ion  d e s c r i b e d  b y  (1.1) wi l l  be  u n s t a b l e .  The  so lu t ion  of the p r o b l e m  (1.3)-(1.5) i s  c o n s t r u c t e d  e x -  
p l i c i t l y  be low.  An a n a l y s i s  of the  a s y m p t o t i c  of the so lu t ion  a s  t - - ~  c o n f i r m s  th i s  h y p o t h e s i s .  

2 .  C O N S T R U C T I O N  O F  T H E  S O L U T I O N  O F  T H E  P R O B L E M  

Le t  us go o v e r  to the  independen t  v a r i a b l e  ~- i n s t e a d  of t in (1.3), (1.4). By v i r t u e  of (1.2) the  c o r -  
r e s p o n d e n c e  b e t w e e n  �9 and t i s  o n e - t o - o n e  fo r  ~-> 1 ( t -  > 0). Le t  us  r e p l a c e  the  d e s i r e d  func t ion  

/ 2 \'/, 

and l e t  us  d i f f e r e n t i a t e  the  t r a n s f o r m e d  equa t ion  (1.4) wi th  r e s p e c t  to 1-. 
of (1.3), (1.4) 

i -~-w~+~w~=O (~.~ § ~ <  t, ~>~t) 

( ~ + n  ~-- t ,  ~ > ! )  

He r e  

2vs+7v~-2  
r (~) -- ~2 (~4 + !)~ 

Le t  us  w r i t e  down the  i n i t i a l  cond i t ions  fo r  t h e s e  equa t ions .  

A c c o r d i n g  to (1.4), (1.5) we have 

@=@o, @ , - - 0  at v = t  

Hence 

Consequen t ly ,  we ob ta in  in p l a c e  

(2.1) 

(2.2) 

F r o m  the  de f in i t ion  i t  fo l lows  tha t  

w = 2w~ = (I) 0 (~, ~) at �9 = t (2.3) 

The funct ion ~0 is  h a r m o n i c  in a c i r c l e  ~2, hence  i t  i s  su f f i c i en t  to g ive  cb 0 on the c i r c l e  F'(~2+7/2= 1) 

(P0 Ir = ~  (0), 0 --  arc tg(~l /~)  

Le t  us  c o n s i d e r  the  p e r i o d i c  func t ion  r g iven  by  i t s  F o u r i e r  s e r i e s  

co 

~ ( 0 ) =  ~ (/~cosnO+gnsinO)+]o 

Without  l i m i t i n g  the  g e n e r a l i t y ,  we can  a s s u m e  f0  = 0. Indeed ,  i f f  n = gn = 0 (n= 1, 2 . . . .  ), then  the unique 
so lu t ion  of the  p r o b l e m  (2.1)-(2.3)  i s  @0 =f0 = cons t .  

Now, l e t  us  f o r m u l a t e  the  p r o b l e m  (2.1)-(2.3)  in t e r m s  of the  b o u n d a r y  func t ion  z 

z (0, T) = w (~, ~1, ~) Ir 
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It  i s  c l e a r  tha t  the v a l u e  of z p e r m i t s  unique d e t e r m i n a t i o n  of  w in the c i r c l e  ~2 a s  a so lu t i on  of the 
D i r c h l e t  p r o b l e m  f o r  (2.1). Le t  us i n t r o d u c e  an o p e r a t o r  K ac t ing  a c c o r d i n g  to the  ru le :  a funct ion w(~, ~?, 

), i s  found by m e a n s  of z (0 ,  �9 ), which  s a t i s f i e s  (2.1) in the c i r c l e  ~ and the cond i t ion  W l F  =z ,  and  then 

K ( ~ ) z  = ~ - ~ w ~  + ~%lW~ at ~ ~ ] ~  = 1 (2.4) 

The p r o b l e m  (2.1)-(2.3) can  be  c o n s i d e r e d  as  a Cauchy  p r o b l e m  f o r  an equa t ion  with non loca l  op -  
e r a t o r  K 

2 
z** § ~ K (v),z q- r (~) z = 0 

z (O q- 2n,  ~) = z (O, ~) 

z (o, i )  = 2z ,  (o, 1) = ~p CO) 

(2.5) 

(2.6) 
(2.7) 

Equat ion  (2.5) i s  (2.2) r e w r i t t e n  in  a new nota t ion ,  and (2.7) a r e  the i n i t i a l  cond i t i ons  (2.3) w r i t t e n  on 
the b o u n d a r y  F of the  c i r c l e  ~ .  

As has  b e e n  r e m a r k e d  above ,  wi thout  l i m i t i n g  the  g e n e r a l i t y  we can  c o n s i d e r  the m e a n  va lue  r  to 
be  z e r o .  Le t  u s  show tha t  then  fo r  ~- > 1 

(2.8) 
x (~) - -  J z (0, T) & = 0 

o 

On the b a s i s  of (2.7) we obta in  X(1)= X~- (1)=0 .  Let  us  i n t e g r a t e  (2.5) with r e s p e c t  to 0 b e t w e e n  0 and 
27r. Tak ing  into accoun t  tha t  

27; 

d~ 0 
0 F 

we find the following equation for X : 

X~ q- r (~) X ----- 0 

Thus  the  funct ion )C i s  a so lu t ion  of the  h o m o g e n e o u s  Cauchy p r o b l e m  fo r  the l i n e a r  equa t ion ,  which  
i ndeed  y i e l d s  (2.8). 

Le t  L2'(0 , 2~r) denote  the  s u b s p a c e  of the  H i l b e r t  s p a c e  L2(0 , 21r) g e n e r a t e d  by func t ions  with z e r o  m e a n  
v a l u e .  I t  fo l lows  f r o m  (2.8) tha t  if  the  so lu t ion  z (0 ,  ~-) of the  p r o b l e m  (2.5)-(2.7) b e l o n g s  to L2(0 , 2~r) fo r  
f i xed  T > 1, then  i t  a l s o  be longs  to L 2'(0, 27r). 

Le t  us  e x a m i n e  a n u m b e r  of p r o p e r t i e s  of the  o p e r a t o r  K. Let  us  fix the  v a l u e  ~ -  1. The o p e r a t o r  
K is  not  de f ined  in the  whole  s p a c e  L 2' (0, 27r). I t i s ,  howeve r ,  de f ined  in a l l  t r i g o n o m e t r i c  p o l y n o m i a l s  with 
z e r o  f r e e  m e m b e r ,  i . e . ,  in a c o m p a c t  s e t  in L2'(0 , 2~r). Thus ,  the  unbounded o p e r a t o r  K has  a c o m p a c t  do-  
m a i n  of de f in i t i on  D(K) in L2'(0, 2~r). Le t  us  show that  i t  is  s y m m e t r i c  and p o s i t i v e - d e f i n i t e .  Indeed ,  if  
z ,  z E D(K), then  

2~ 2,': 

o P P 0 

2~ 

o P f~ 

QED. (The def in i t ion  (2.4) of the o p e r a t o r  K and the G r e e n ' s  f o r m u l a s  f o r  the s o l u t i o n s  w, w of (2.1) w e r e  
u s e d  in w r i t i n g  t h e s e  l a t t e r  e q u a l i t i e s . )  I t  fo l lows  f r o m  the  l i s t e d  p r o p e r t i e s  of the  o p e r a t o r  K tha t  i t  a d -  
m i t s  of s e l f - a d j o i n t  e x p a n s i o n  [4], which  we a g a i n  denote  to be  K. M o r e o v e r ,  the o p e r a t o r  i n v e r s e  to K is  
c o m p l e t e l y  con t inuous .  Th i s  p e r m i t s  the  co nc lu s ion  tha t  the o p e r a t o r  K has  a c o m p l e t e  s y s t e m  of e i g e n -  
func t ions  in L 2'(0, 27r) (for any v = cons t ->  1). I t  t u r n s  out that  t hey  can  be  w r i t t e n  down e x p l i c i t l y .  

P r o p o s i t i o n  1. F o r  any n a t u r a l  n the  func t ions  cos  n0 and s in  n0 a r e  e igen func t ions  of the o p e r a t o r  
K, to  which  the e i g e n n u m b e r s  

c o r r e s p o n d .  

;% = n t h n s  (~), ~ ~ n c t h  ns  (~), s(~) = a r t h ~ - 2  
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P r o o f .  Le t  us  go o v e r  to e l l i p t i c a l  c o o r d i n a t e s  p, q in (2.1), (2.4) by  m e a n s  of the  f o r m u l a s  

chpcosq= V--T-~-I , s h p s i n q =  V ~ _  ~ (2.9) 

By m e a n s  of (2.9) the c i r c l e  ~2 i s  m a p p e d  into a c i r c l e  g iven  in the  p o l a r  c o o r d i n a t e s  p, q by the  r e -  

l a t i  on sh ip s  
p < s =  arthv -2, 0~<q<2~  

Equa t ions  (2.1) go o v e r  in to  the  e q u a t i o n s  

W pp -~ W qq = O, W (!9, q, T) = w (~, T], V) 

The  r e l a t i o n s h i p  {2.4) b e c o m e s  

o w  (2.10) gz  = - ~ p  for p = s (z = W {p=s) 

{it i s  kep t  in mind  tha t  the  r i g h t  s ide  i s  h e r e  e x p r e s s e d  in t e r m s  of 0, T ). 

The  equa t ion  Wpp +Wqq= 0 has  the  p a r t i c u l a r  s o l u t i o n s  

Win = (ch ns) -1 chnp cos nq (n=t, 2 . . . .  ) (2.11) 
W~ = (shns) - l s h n p  sinnq 

Solut ions  of (2.1) r e g u l a r  in the  c i r c l e  ~2 c o r r e s p o n d  to t h e s e  so lu t i ons .  Hence  

W i n =  cosnq, W~n = sinnq for p = s  

OWtn OW~n 
- -  n th ns cos nq, = n cth ns sin nq 

Op Op 

A s s u m i n g  Zln= cos  nO, Z2n = s in  nO, and t ak ing  into accoun t  tha t  q = O = a r c  t an  ~ / ~  fo r  p = s we ob ta in  
f r o m  t h e s e  l a t t e r  e q u a l i t i e s  and (2.10) tha t  

K Z l n  = ~nZln  , K z 2 n  = ' ~ n Z 2 n  �9 

P r o p o s i t i o n  1 i s  p r o v e d .  

The fac t  tha t  the  e igen fune t ions  of the  o p e r a t o r  K a r e  independen t  of ~- i s  qu i te  i m p o r t a n t .  Th is  a f -  
f o r d s  the p o s s i b i l i t y  of s e p a r a t i n g  v a r i a b l e s  in (2.5). L e t  us  s e e k  the so lu t ion  of th i s  equa t ion  as  an e i g e n -  
func t ion  s e r i e s  

z (0, I:) = ~ [fna~ (~:) cos n{~ ~ g~b,~ (I:) sin nO] (2.12) 

Here  f n ,  gn a r e  c o e f f i c i e n t s  of the  F o u r i e r  s e r i e s  expans ion  of the  i n i t i a l  func t ion  $ ( 0 ) ,  and a n ( r ) ,  
b n ( r )  a r e  func t ions  to be d e t e r m i n e d .  

The so lu t ion  (2.12) wi l l  s a t i s f y  the  cond i t ion  (2.6) i f  we a s s u m e  

a~(t)  = b~(l) = 2a~' (t) = 2b,~' (t) = i (2.13) 

(the p r i m e  deno te s  d i f f e r e n t i a t i o n  with r e s p e c t  to r ). Subs t i tu t ing  (2.12) into (2.5) r e s u l t s  in a d e c o m p o s i n g  
s y s t e m  of o r d i n a r y  d i f f e r e n t i a l  equa t ions  fo r  the  func t ions  

an"-[-[  2nthns(v) (T)]an 0 

(2.14) 

bn" -f-[.~ 2a cthx, q_ins (~) + r (~)1~ b n = 0 

T h e r e f o r e ,  s e e k i n g  the  so lu t i on  of the  non loca l  Cauehy p r o b l e m  (2.5)-(2.7) r e d u c e s  to so lv ing  the 
Cauchy p r o b l e m  (2.13), (2.14) fo r  o r d i n a r y  e qua t i ons .  Knowledge  of the  funct ion  z p e r m i t s  us  to w r i t e  down 
the so lu t i on  of the p r o b l e m  (2.1)-(2.3)  wi thout  d i f f icu l ty ,  and th i s  m e a n s  the d e s i r e d  funct ion  0(~ ,  ~7, ~)  a l s o .  
Indeed ,  w i s  a so lu t i on  of the  D i r i c h l e t  p r o b l e m  fo r  (2.1) wi th  the  cond i t ion  w F = z.  

The quan t i t y  ~- e n t e r s  into (2.1) a s  a p a r a m e t e r ;  hence ,  to d e t e r m i n e  w i t  i s  su f f i c i en t  to so lve  the  
g iven  p r o b l e m  z = Ztn= cos  nO and z = Z2n = s in  nO (n i s  n a t u r a l  and f ixed) .  But, a s  is  c l e a r  f r o m  the p r o o f  
of P r o p o s i t i o n  1, the  so lu t ion  of such  a p r o b l e m  is  g iven  by  (2.11). Let  us f o r m u l a t e  the  f ina l  r e s u l t .  The 
so lu t ion  of the  p r o b l e m  (1.3)- (1.5) i s  
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oo 

(I) = "~ [/na~ ('~) ~ cos nq (~, I], + g,~b,~ ('Q ~ q (~, ~1, )J (2.15) 

Here  the  func t ions  p, q(0_<p_<s,  0-<q <2~r) a r e  found f r o m  (2.9), s = a r  th ~'-2, ~ is  r e l a t e d  to t by 
m e a n s  of (1.2). The  func t ions  a n t i ) ,  b n f f )  a r e  a so lu t ion  of (2.14) wi th  the cond i t i ons  (2.13). 

Le t  us  no te  tha t  the  so lu t i on  c o n s t r u c t e d  fo r  the p r o b l e m  (1.3)-(1.5) i s  unique .  The un iquenes s  t h e -  
o r e m  for  m o r e  g e n e r a l  p r o b l e m s  of the  s m a l l  p e r t u r b a t i o n s  of u n s t e a d y  idea l  f lu id  mo t ion  wi th  a f r e e  
b o u n d a r y  has  b e e n  p r o v e d  in [1, 3]. 

3 .  A S Y M P T O T I C  B E H A V I O R  O F  T H E  S O L U T I O N  

To ob ta in  the  a s y m p t o t i c  so lu t ion  of the p r o b l e m  (1.3)-(1.5) fo r  l a r g e  t i t  i s  n e c e s s a r y  to know the 
b e h a v i o r  of s o l u t i o n s  of the Cauchy p r o b l e m s  (2.13), (2.14) a s  T - - ~ ,  s i n c e  T = kt[1 +O (t-4)] fo r  l a r g e  t in 
c o n f o r m i t y  with (1.2). 

Le t  n be  f ixed .  Le t  us  e x a m i n e  (2.14) fo r  l a r g e  ~-. Tak ing  into accoun t  tha t  

s = ' F  2 + 0(~-6),  r = --2~ -2 + 0 ( ~ - ~ )  for ~ - + c r  

we have 

a,~."-~-[--2"v-~-VO(T-n)]a~=O, br~"+O(T-e) b~=O for ~-->*r 

We hence  f ind  the  a s y m p t o t i c  r e p r e s e n t a t i o n  of two l i n e a r l y  i ndependen t  s o l u t i o n s  of each  of the  e q u a -  
t i ons  (2.14) a s  T - -  

a,,1 = "v ~ [1 + 0 ('r-~)], 
a,,t' : 2~ [ 1 -t- 0 ( ' r  ~) ], 
bnl = ~' [i _L_ 0 ('~-~)l, 

b~l' = t + 0 (~-4), 

a,~' = - -  "r -~ [1 -V 0 (v-a)] 
b~ = t + 0 (~-~) 
b~ '  = 0 (~=5) 

(3.1) 

If  we l i m i t  o u r s e l v e s  to an e x a m i n a t i o n  of an ind iv idua l  h a r m o n i c  (this m e a n s  tha t  a l l  the c o e f f i c i e n t s  
f n ,  gn in (2.12) a r e  z e r o  e x c e p t  fo r  one),  then the  l a s t  f o r m u l a s  a r e  su f f i c i en t  to p r o v e  the b o u n d e d n e s s  of 
the  so lu t i on  r of the  p r o b l e m  (1.3)-(1.5) a s  t ~ r 

Indeed ,  in th i s  c a s e  i t  fo l lows  f r o m  (3.1) tha t  z (0 ,  T) =O (t 2) u n i f o r m l y  in 0 a s  T - -  oo. S ince  

(:I) Jr = '! 2 W, v [~) z (0, T). (3.2) 

then  the b o u n d e d n e s s  of 4~ F hence  r e s u l t s  a s  t ~ r  By v i r t u e  of  the  m a x i m u m  p r i n c i p l e  f o r  (1.3), the  func-  
t ion  ~b wi l l  be  bounded  a s  t ~  fo r  any ~ ,7 /E ~2. 

Now, l e t  the in i t i a l  func t ion  r be  an  a r b i t r a r y  e l e m e n t  of L2'(0, 27r). I t  t u r n s  out tha t  even  in th i s  
c a s e  the  so lu t i on  of  the  p r o b l e m  (1.3)-(1.5)  i s  bounded  in the  fo l lowing  s e n s e :  

! r Ir~dY ~ C0]l, [1~, ( t~0)  (3.3) 

t IL li 
Here  Ck, k =  0, 1, 2, . . .  denote  p o s i t i v e  

fo l lowing  p r o p o s i t i o n .  

' I  ] 
, ,  (0) d0) = E (f~ + g~ 

t -  r t ~ l  

c o n s t a n t s .  The p r o o f  of the  e s t i m a t e  (3.2) i s  b a s e d  on the  

P r o p o s i t i o n  2. The so lu t ion  of e ach  of  Eqs .  (2.14) wi th  the i n i t i a l  c ond i t i ons  (2.13) s a t i s f i e s  the i n -  
e q u a l i t i e s  

l an ('r.) I ~ C1 max (% 'r2/V"n), ] b~ ('v) I ~  C~T (3.4) 

] a,~i ('~)I ~ C1 max (V~/ 'L "c/V-~), Ibm' ('~) [ ~C2 max (]/'~/'~, t) (3.5) 
( x > ~ t , n  = 1 , 2 , 3  . . . .  ) 

The p r o o f  of t h i s  p r o p o s i t i o n  i s  e l u c i d a t e d  i n S e c .  4. 

The i nequa l i t y  (3.3) i s  a s i m p l e  c o n s e q u e n c e  of (3.2) and  the e s t i m a t e s  (3.4). The r e s u l t s  ob ta ined  
about  the b o u n d e d n e s s  of  I[ ~F{[  L- a s  t ~ ~o c a n  be  t r e a t e d  a s  the  s t a b i l i t y ,  in  a l i n e a r  a p p r o x i m a t i o n ,  of 

Z 
the  m a i n  s o l u t i o n  in  a p o t e n t i a l  m e t r i c .  
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It should be noted that  in the p a r t i c u l a r  ca se  when all f n  = 0, t he re  r e su l t s  f r o m  (3.2), (3.4) that  
II ~l F II L2 =O (t -1) as  t ~ ~ 1 7 6  M o r e o v e r ,  if g n = 0  fo r  odd n, then the  solut ion �9 defined by (2.15) will  be an 

even funct ion of ~ and an odd funct ion of ~/. 

The solut ion even in ~ d e s c r i b e s  the mot ion  with an i m p e r m e a b l e  wall  ~ = 0, hence,  such mot ion  is 
a s y m p t o t i c a l l y  s table in a potent ia l  m e t r i c  r e l a t ive  to p e r t u r b a t i o n s  odd in ~?. 

(2.12), the inequal i t ies  (3.5) p e r m i t  the p roo f  that  the fol lowing e s t ima te  fo r  the T o g e t h e r  with (3.2), 
de r iva t ive  4~ t is t rue :  

i ~ (3.6) ~Pt 2 I'r dF ~ Ca ~ n (fn~ -~ g2)  

under  the condi t ion that  the s e r i e s  in the r igh t  s ide c o n v e r g e s .  The demand  fo r  i ts  c o n v e r g e n c e  is equi-  
va len t  to the init ial  funct ion r  be longing to the Sobolev-Slobodetski i  space  W2 ~/2(0, 2~r). 

By r a i s i ng  the s m o o t h n e s s  of r  e s t i m a t e s  can be obtained fo r  h igher  o r d e r  de r iva t ives  of ~. In 
p a r t i c u l a r ,  if  r e W2~(0, 27r), where  W21 is the Sobolev space  [4], then ~ t t [ F ,  q '~ lF ,  ~ T I F  be long to L2(0 , 2~') 
fo r  f ixed t, where  the i r  n o r m s  in L 2 a r e  bounded fo r  all  t > 0. If  r fi W22(0, 2~-), the the funct ions  Z.r. r , Kz 
in (2.5) ~tre cont inuous in 0, T ,  and this  equat ion is sa t i s f ied  in the c l a s s i c a l  sense .  

F r o m  the phys ica l  v iewpoint  it is i n t e re s t ing  to obtain e s t i m a t e s  of the ve loc i ty  f ield or ig ina t ing  d u r -  
ing pe r t u rba t i on  of the main  flow (1.1). In c o n f o r m i t y  with [1], the p ro j ec t ions  U, V of the ve loc i ty  v e c t o r  
p e r t u r b a t i o n s  a r e  ca lcu la ted  by m e a n s  of the f o r m u l a s  

0 (3.7) U = - ~ -  T -~ z- q~dt ' = -~i- ~ -  
/ 

For  s impl ic i ty ,  le t  us  l imi t  o u r s e l v e s  to the examina t ion  of one ha rmon ic .  Let  the s u b s c r i p t  c hence-  
fo r th  denote the solut ion c o r r e s p o n d i n g  to the init ial  funct ion r = f n  cos  nO, and the subsc r ip t  s the solut ion 
c o r r e s p o n d i n g  to r = gn  s in nO. The ana lys i s  of the a s y m p t o t i c  U, V as t ~ co s t a r t s  f r o m  (3.7), (2.15), (3.1). 
This  ana lys i s  r e q u i r e s  many  computa t ions  and is not p r e s e n t e d  he re .  It  shows that  fo r  x, y fi ~ t  and t - - -~  
the quant i t ies  U s, U e i n c r e a s e  l i nea r ly  in t n e a r  the ends of the m a j o r  axis  of the e l l ipse  ~t ,  Vs is bounded, 
and V c --co. 

The r e su l t s  p r e s e n t e d  above f avo r  the s tabi l i ty  of the ma in  flow in a l i nea r  app rox ima t ion  if the 
n o r m  of the potent ia l  p e r t u r b a t i o n  o r  its de r iva t ives  in L 2 is taken as  the m e a s u r e  of s tabi l i ty .  However ,  
if the s tabi l i ty  is judged by the deviat ion of the f r e e  boundary  f r o m  its unpe r tu rbed  s ta te ,  then the mot ion  
(1.1) should be acknowledged unstable .  It is m o s t  convenient  to c h a r a c t e r i z e  the pe r tu rba t i on  v e c t o r  of the 
boundary  of the e l l ipse  f~t by its n o r m a l  componen t  R to F t (see [1, 3] f o r  the definit ion and g e o m e t r i c  m e a n -  
ing). The quanti ty fo r  the main  flow {1.1) is given by the equal i ty  

2k2~ ~ (cos 20 ~- ~4 sin ~ 0) r [r (3.8) 

Using (3.2) and (2.12), a r e p r e s e n t a t i o n  fo r  R can be obtained as  a F o u r i e r  s e r i e s  with coef f ic ien ts  
e x p r e s s e d  in t e r m s  of an ( r  ), bn(T ). As be fo re ,  let  us l imi t  o u r s e l v e s  to an examina t ion  of individual  h a r -  
mon ic s ,  and we find: 

fo r  the e - so lu t ion  

l,,'+l loosno [i2)l ] 
R e = -  2k(cos20+v'sin20) dv T ~ an(T ) (3.9) 

fo r  the s - s o l u t i o n  

gn('~a-~l)'/~sinnO d [ ( 2 ) s/" 7 
- -  b,~ (T) ( 3 . 1 0 )  R s =  2]~(cos20,,-!-'~4sin20) d'c T ~ ] 

Since n is f ixed in these  re la t ionsh ips ,  it is  then suff ic ient  to use  (3.1) to obtain the a s y m p t o t i c s  Re, 
R s as  t ~oo; consequent ly ,  we obtain as  t - - ~  

.~2 c o s  n 0 
Rc = cosZ0+~4sin20 [ /n~+O(T- l ) ]  (~=const) (3.11) 

z4 sin nO 
R~ = cos2 0 § [g,zTn -~- O(T-1)] (7~ = const) 
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Le t  e > 0 be  f ixed .  I t  is  s een  f r o m  (3.11) tha t  ou t s ide  the  zone [ 0 [ < ~,  I 7r-  01 <~ the e s t i m a t e s  
R c =O (t-z), R s =O (1) a r e  v a l i d  a s  t ~  (let  us  r e c a l l  that  T ~kt  f o r  l a r g e  t) .  T h e r e f o r e ,  the i n s t a b i l i t y  of 
the  f r e e  b o u n d a r y  i s  m a n i f e s t  n e a r  the  po in t s  0 = 0, 0 =Tr of the  c i r c l e  F in the L a g r a n g e  c o o r d i n a t e  p l ane .  

Let  us e x a m i n e  the  b e h a v i o r  of Rc,  R s a s  t ~ : o ,  0 ~ 0 .  (The a n a l y s i s  of the e a s e  0 ~ 7r i s  ana logous ) .  
A c c o r d i n g  to (3.11), if  t l0 [ = c o n s t  a s  t - -*~ ,  then  the quan t i ty  R c s t i l l  r e m a i n s  bounded .  I f  t 1+~ I 0 [ = cons t ,  
0 -<6 -<  1, a s  t ~ , t h e n R  c ~ t  26. 

The  m a x i m u m  growth  R c "~t 2 i s  o b s e r v e d  in the  doma in  t z [ 01 < c o n s t .  Hence ,  R c r e t a i n s  i t s  s ign  
n e a r  0 = 0. 

The i n s t a b i l i t y  of the  f r e e  b o u n d a r y  for  the  s - s o l u t i o n  i s  d e v e l o p e d  d i f f e r e n t l y .  In th i s  c a s e  we have 
R s ~ t  6 u n d e r  the  cond i t ion  t 6 [ 0 [ = cons t  (0-< 6 _  2), when t ~ ~ .  The  g r e a t e s t  g rowth  R s " t  2 o c c u r s  when 
0 a n d  t a r e  r e l a t e d  by  the  r e l a t i o n s h i p  t 2 l0 [ N1 a s  t ~ co, w h e r e  R s c h a n g e s  s ign  in the ne ighbo rhood  of 
0 = 0 ; R  s is  bounded  i f  I 0[ =O (t-a), R s = 0 f o r  O--0.  

I t  i s  i n t e r e s t i n g  to e s t i m a t e  the  s i z e  of the  f r e e  b o u n d a r y  i n s t a b i l i t y  zone  in  E u l e r  c o o r d i n a t e s .  The 
b o u n d a r y  of the e l l i p s e  F t has  the  equa t ionw-2xZ+r  2y2= 1. The  po in t  (x=T ,  y =  0) in the xy p l a n e  c o r r e s p o n d s  
to the po in t  (~ = 1, ~? = 0). 

Le t  us  e s t i m a t e  the  d i s t a n c e  Ax  a long  the ax i s  f r o m  the end of the  s e m i m a j o r  a x i s  of  the  e l l i p s e x = ~ - ,  
y = 0, to the  po in t s  on F t ,  w h e r e  0 ~ t  - t .  Tak ing  into accoun t  tha t  

0 = arc tg (~1 / ~) = arc tg (T2g / x) 

we f ind  

Ax = O( t  -~) for t - + c o  (3.12) '  

Thus ,  in the c a s e  of the  c - s o l u t i o n  the f r e e - b o u n d a r y  i n s t a b i l i t y  i s  l o c a l i z e d  n e a r  the  ends  of  the  m a j o r  
a x i s .  The s i z e  of the  i n s t a b i l i t y  zone i s  e s t i m a t e d  by  the r e l a t i o n s h i p  (3.12). In p a r t i c u l a r ,  we app ly  th is  
deduc t ion  to the  p r o b l e m  of  s t a b i l i t y  of the  m o t i o n  (1.1) with an i m p e r m e a b l e  wa l l  ~7 = 0. As t ~  ~o the f luid 
i s  s q u e e z e d  to the wal l ,  and  t h i s  s t a b i l i z e s  the  f r e e  b o u n d a r y  ou t s i de  the  m e n t i o n e d  i n s t a b i l i t y  z o n e s .  A 
s i m i l a r  s t a b i l i z i n g  e f fec t  has  been  d e t e c t e d  in [1, 3] in i n v e s t i g a t i o n s  of the  s i m p l e r  p r o b l e m  of  s t a b i l i t y  
of a l i qu id  b a r  u n d e r  a s t a m p .  

E x a m i n i n g  the  s~-solution, we conc lude  that  the  quan t i t y  i n c r e a s e s  a c c o r d i n g  to the  l aw  R s ~ t  6 a t  a 
1 25  .< < d i s t a n c e  Ax  = O (t - ), 0 - 6 _  2 f r o m  the  ends  of the  m a j o r  ax i s  of the  e l l i p s e .  In th i s  c a s e  the  f r e e - b o u n d a r y  

i n s t a b i l i t y  d o m a i n  i n c r e a s e s  wi thout  l i m i t  in the xy p lane  a s  t i m e  e l a p s e s .  (However ,  l e t  us  note  tha t  the 
m a x i m u m  i n s t a b i l i t y  domain ,  w h e r e  R s ~t  2, d i m i n i s h e s  in p r o p o r t i o n  to t - s . )  Th i s  r e s u l t  i s  even  m o r e  i n t e r -  
e s t i n g  s i n c e  t h e i r  t endency  to z e r o  in a po t en t i a l  m e t r i c  was  p r o v e d  above  fo r  the  s - s o l u t i o n  a s  t ~oo.  

4. PROOF OF PROPOSITION 2 

The validity of (3.4), (3.5) for any fixed n results substantially from (3.1). In order to prove the di- 

mensionality of these estimates relative to n, the behavior of solutions of the Cauchy problem (2.13), (2.14) 

should be studied as n ~o. 

Let us examine the first of (2.14). The coefficient of a n in this equation is the sum of two components. 
The first component will be the principal one for n ~ ~ and ~<< ~fn, and the second for ~->>~. 

Hence, the solution of the Cauehy problem is considered first for a n in the interval [i, ~]; then the 

solution is continued into the interval [a~-n, ~). We select the constant ~ > 0 below. 

Reasoning used to study the asymptotic of eigenfunctions of the Sturm-Liouville problem (see [5], say) 

is used in analyzing the solution for large n and 1-< T --<~. Let 

Q : 2 (z4 ~_ i)-i t h  ns (~) (4.1) 

and  l e t  us  i n t r o d u c e  new v a r i a b l e s  by  u s i n g  the s u b s t i t u t i o n  

= i  [Q(~)l~/2d~' a) : [Q(w)]'/ ,% 
(4.2) 

1 

This  s u b s t i t u t i o n  c o n v e r t s  the i n t e r v a l  1-< ~" -< ~ f ~  into  the  i n t e r v a l  0 ~ ~ I n ,  and (2.14) fo r  a n into 

d2o) / do ~ ~ n ( 0  = p (o) (o (4.3) 
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Q" 5@ . r 
p (6) = 4@ - -  t6Q " - - F  - -  -Q- (4.4) 

The r i g h t  s ide  of (4.4) i s  c o n s i d e r e d  as  a funct ion  of (r. The  func t ion  p(~r) i s  con t inuous  in the  i n t e r -  
va l  [0, /n]  and b e c a u s e  of (4.1), (4.2) a d m i t s  of the  e s t i m a t e  I P I - -  Ca ~'2 fo r  any n a t u r a l  n. He re  r ((r) i s  a 
funct ion  de f ined  f i r s t  f r o m  (4.1). On the  b a s i s  of (4.1), (4.2) we have 

Hence 

( l )=~]/ '7~,  ~ - 2 d ~ / d ~ t  where 0 % ~ % I  

Th i s  r e s u l t s  in an e x p l i c i t  e s t i m a t e  of [P l  a s  a func t ion  of a 

I p I .% C4a2n [i @ ~ V'n (l n - 6)] -3 (4.5) 

Let us turn to (4.3). Conditions (2.14) generate initial conditions for this equation 

(0 )= i ,  ~ ' (0 )=0  

The so lu t i on  of  (4.3) wi th  t h e s e  i n i t i a l  cond i t i ons  s a t i s f i e s  the  V o l t e r r a  i n t e g r a l  equa t ion  [5] 

g 

r (6) = cos n'l'z + n -'l '  ~. sin n 'I' (z - -  ~) p (~) ~o (~) d~ (4.6) 

0 

Apply ing  s u c c e s s i v e  a p p r o x i m a t i o n s ,  we ob ta in  the  so lu t i on  of (4.6) in  the  f o r m  oz=lim Wk, k - - %  
w h e r e  r = c o s  nt /2g,  and the  func t ion  r i s  de f ined  by (4.6) fo r  k_>l ,  in whose  r i g h t  s i d e  ~ i s  r e p l a c e d  by  
~ k - l "  Us ing  (4.5), we f ind the fo l lowing  e s t i m a t e  f o r  the  k e r n e l  of (4.6): 

a 
/~-1[2 I p (~) sin n 'h (z - -  ~) d~ < 2C4a 

0 

L e t  us s e l e c t  a l e s s  than ~/2C4, and l e t  us  fix i t .  Then  the s u c c e s s i v e  a p p r o x i m a t i o n s  wi l l  c o n v e r g e  
u n i f o r m l y  to the  so lu t ion  w(z) of (4.6) fo r  a l l  cr E [0, /n]  and  s u f f i c i e n t l y  l a r g e  n, w h e r e  the  func t ion  
i s  u n i f o r m l y  bounded  f o r  0 --- a-< ln ,  n --r162 

In con junc t i on  with  (4.2) t h i s  r e s u l t s  in the e s t i m a t e  [ a n l  -< c~r f o r  1_<~- _<a vr-n. The e s t i m a t e  fo r  
a n ' i s  o b t a i n e d  by d i f f e r e n t i a t i n g  (4.2) and  (4.6). I t  is  

I a,( ] ~< Csn'hV 1 

Now, l e t  us  e x a m i n e  the f i r s t  equa t ion  in (2.14) in the  i n t e r v a l  in ,  ~ ,  r162 L e t  us  m a k e  the change  
in v a r i a b l e  a n = r  n,  T = 4"~$ in th i s  equat ion ,  and l e t  us  e x t r a c t  the  m a i n  t e r m  in the coe f f i c i en t  of the  
equa t ion  ob t a ined  fo r  An. We wi l l  have  

d~An [ 2 2 1 1 -~ -- -~- -f- -~- th -~- ~- 0 ( n ~  - )  A n = 0 for ~ >/a, n ~ c o  (4.7) 

Le t  us  p o s e  the Cauehy  p r o b l e m  for  th i s  equa t ion  

A n -- n-'/~a n (anV% dA n [ d~ = a n'  (un 'h) for ~ = a , 

F r o m  the e s t i m a t e s  ob t a ined  e a r l i e r  fo r  an ,  an '  f o r  1-<1- _<ar we conc lude  tha t  A n ( a ) ,  d A n ( a ) / d  
a r e  u n i f o r m l y  bounded  in n a s  n - -  ~ .  T h e r e  h e n c e  r e s u l t s  tha t  the  so lu t i on  of the  Cauchy  p r o b l e m  fo r  (4.7) 
i s  e s t i m a t e d  thus:  

[A  n { % c a [  ~, I d A n l d [ ] % C 6 [  for [ />ct  

Now going  o v e r  to the  v a r i a b l e s  a n ,  "r,  we ob ta in  

The i n e q u a l i t i e s  (3.4), (3.5) fo r  a n a r e  p r o v e d .  

The b e h a v i o r  of the  s o l u t i o n s  of the  s e c o n d  of  Eqs .  (2.14) wi th  the  i n i t i a l  c ond i t i ons  (2.13) i s  i n v e s t i -  
g a t e d  a n a l o g o u s l y  fo r  l a r g e  n. The  d i f f e r e n c e  is  only  tha t  in  the l a s t  s t age  the  equa t ion  

d2 Bn [ 2 2 l ] 
d~Z @ - - ~  ~ - ~ - c t h ' - ~ A - O ( n - ~ - ~ )  B n = 0  
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is obtained in place  of (4.7) for  Bn=n-1/2bn , and for  its Cauchy p rob lem with the values  Bn(C~), dBn(O~)/d 
bounded as  n ~ ~.  The inequali t ies 

] Bn I ~ C~, ] dB n ] d E ] ~ C7 for g ~ u 

a re  val id for  B n. 

Consequently, we obtain the e s t ima te s  

This comple tes  the proof  of Proposi t ion 2. 

The author is gra teful  to L. V.Ovsyannikov and R. M. Garipov for discuss ing the r e s e a r c h .  
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